We derive a manifestly duality-invariant formulation of the action principle for linearized gravity on anti de Sitter background. The analysis is based on the two-potential formalism, obtained upon resolution of the constraints in the Hamiltonian formulation. We discuss the relevance of our result in the context of holography.
I. INTRODUCTION
The understanding of dualities remains as one of the major challenges of modern theoretical physics. Dualities appear in an ample diversity of scenarios -from condensed matter physics to high energy theory-, typically relating strong coupling to perturbative regimes -a rather unique feature that has played a prominent role in the elucidation of non-perturbative aspects of quantum field theory and string theory. In gravitational theories, duality has long been recognized as a constituent of the hidden symmetries that emerge upon toroidal compactifications of eleven-dimensional supergravity [1] and Einstein gravity [2] . The rich algebraic structure underlying this phenomenon suggests the existence of an infinitedimensional Kac-Moody algebra acting as a fundamental symmetry of the uncompactified theory [3] - [6] and encompassing the duality symmetries that appear after dimensional reduction. A characteristic property of these algebras is that they involve all the bosonic fields and their Hodge duals, including the graviton and its dual field, and so the associated symmetry transformation for a given tensor field in the bosonic sector relates it to all the rest of the fields (regardless their tensor structure) in a non-trivial way. In four dimensions, the graviton and its dual field are respectively described by symmetric tensors, and it is expected that a duality symmetry -inherited from the underlying infinite-dimensional structure-relating them may emerge. Naturally, the construction of duality-symmetric action principles constitutes an important part of the program aimed at the investigation of hidden symmetries and dualities in gravity.
In this article we show the existence of an off-shell duality symmetry in linearized gravity defined on an anti de Sitter (AdS) background, generalizing previous works where the linearization was performed on Minkowski [7] and de Sitter [8] space-times 1 . The analysis is based on the two-potential formalism [9] , and requires the linearisation of the Arnowitt-Deser-Misner (ADM) action principle [10] , the choice of Poincaré coordinates for AdS background and the subsequent resolution of the con-straints in terms of potentials, on which the duality rotations act.
Besides its importance in the context of hidden symmetries of gravity, an additional interest of constructing a duality-invariant action principle for linearized gravity on AdS stems from holography. It has been observed that there is a natural SL(2, Z) action on three-dimensional conformal field theories (CFTs) with U (1) conserved currents, relating the two-point function of the spin-1 conserved current of a given CFT to the two-point function of the spin-1 conserved current of a dual CFT [15] . The phenomenon was interpreted as the holographic image of the SL(2, Z) electric-magnetic duality of a U (1) gauge theory defined on the AdS 4 bulk. It was subsequently shown that the SL(2, Z) action can be extended to twopoint functions of the energy-momentum and higher spin conserved currents in three-dimensional CFTs [16] , a result that led the authors to conjecture that linearized higher-spin theories (including spin s = 2) on AdS 4 possess a generalization of electric-magnetic duality acting holographically on two-point functions on the boundary. These works clearly motivate the search for dualities in gravity and higher-spin theories on AdS 4 scenarios [17] .
The rest of the article is organized as follows. In Section II we derive the linearization of the ADM action principle around an anti de Sitter background, as well as the form of the gauge transformations of the canonical variables. Section III is dedicated to the resolution of the constraints in terms of potentials. In Section IV we use the expression of the canonical variables in terms of potentials to construct a manifestly duality-invariant action principle. Section V summarizes our conclusions and underlines the relevance of our result in holography.
II. THE LINEARIZED ADM ACTION PRINCIPLE
In order to make manifest the duality symmetry, we shall use the conformal form of the AdS metric (Poincaré coordinates):
where η αβ is the three-dimensional Minkowski metric, ω = log(l 2 /r 2 ) and l 2 = −3/Λ is the AdS radius.
Consider the ADM action principle in the presence of a cosmological constant
(II.
2)
The Hamiltonian and momentum constraints are
and the corresponding Lagrange multipliers are the lapse and shift functions
We may perform a power expansion around an AdS background as follows:
(II.5)
The bared quantities correspond to the background space-time, soN i = 0 andN = e ω/2 . The conjugate momentum associated to the background metric is given byπ
) and it vanishes in the case of an AdS background.
The linearized action principle reads
with the Hamiltonian density
and the constraints
These are first-class and generate the gauge transformations
The Lagrange multipliers have been defined as n i = −2h 0i and n = − 1 2 h 00 . The equations of motion for the background metric (A.14) have been used. Indices are raised and lowered with the flat spatial metric η ij .
III. RESOLUTION OF THE CONSTRAINTS
In order to solve the constraints (II.10) in terms of potentials, it is convenient to perform a gauge transformation that carries away the trace of the dynamical variables:
where j ij and q ij are traceless for some functions u, v i that can be regarded as potentials. The constraints now read
and are solved in terms of potentials as follows:
The final expressions for the canonical variables are
As observed in the case of Minkowski and de Sitter backgrounds, there is an ambiguity in the definition of the potentials P ij , φ ij determined by the equations
and
(III.9)
They are solved as follows:
We notice that these ambiguities are more constrained than in the case of Minkowski and de Sitter backgrounds [7] - [8] and, unlike in those cases, they take a different form for each potential. Furthermore, the potential P ij is constrained to obey the traceless condition q = 0. This will not affect the discussion of next section on the duality symmetry of the variational principle, for it will amount to adding a vanishing term in the action.
IV. MANIFEST DUALITY INVARIANCE
In this section, we shall use the expression of the canonical variables in terms of the potentials to cast the action principle in a manifestly duality-invariant form. Let us focus first on the kinetic term. Written in terms of the potentials, it reads
The action of the duality transformation P ij → φ ij , φ ij → −P ij on the kinetic term yields (up to total derivatives)
The crucial observation is that the extra term in (IV.2) can be written as a sum of total derivatives:
Therefore, the kinetic term is invariant under duality transformation (up to total derivatives). The analysis can be extended to show the invariance of S K under SO(2) duality rotations (again, up to total derivatives).
On the other hand, substitution of (III.7) in the Hamiltonian density (II.8) yields:
Although the term q = ǫ imn ǫ kl i ∂ m ∂ k P nl is constrained to vanish by (III.1), we are allowed to formally keep it, for this is equivalent to adding a vanishing term. After integration by parts, the Hamiltonian density can be cast in a more symmetric form:
(IV.6)
One can show that the term e −ω V is a sum of total derivatives, similarly to what we have found in (IV.3). The SO(2) duality invariance of the action principle is now manifest.
V. CONCLUSIONS
We have shown that linearized gravity around anti de Sitter space-time can be cast in a manifestly dualityinvariant form upon resolution of the ADM constraints in terms of two symmetric potentials. The analysis relies on the use of Poincaré coordiantes for the AdS background metric. This result complements previous works where the linearisation was performed around Minkowski and de Sitter space-times, and allows us to conclude that SO(2) duality is a symmetry of linearized gravity around maximally symmetric backgrounds. The structure of the duality-symmetric action principle is similar in the three cases, the only difference being background-dependent relative factors in the kinetic term and the Hamiltonian.
Duality transformations leave invariant the variational principle up to the addition of boundary terms. This can be understood in the context of the duality conjecture [16] as follows: the introduction of boundary terms typically require the modification of boundary conditions and, since modified boundary conditions are associated to deformations of boundary CFTs in the AdS/CFT correspondence, the action of duality in the bulk would imply a transformation of the boundary CFT.
An important feature of the two-potential formalism, which we have also encountered in the present article, is the absence of manifest space-time covariance. Although in some instances it is possible to recover manifest spacetime covariance for duality-symmetric action principles (either by the introduction of an infinite number of auxiliary fields [11] with polynomial dependence or a finite number of auxiliary fields with non-polynomial dependence [12] ), when it comes to the case of gravity one may argue that this will probably not be the case by plain contrast of two well-known results. On the one hand, (a discrete version of) electric-magnetic duality is consistent with quantum mechanics [13] . On the other hand, the notion of manifest space-time covariance seems to be inconsistent with the quantum dynamics of gravity [14] . The immediate conclusion is that, at least in a background-independent approach to quantum gravity, a discrete version of electric-magnetic duality would be allowed, while manifest space-time covariance would not. Last, let us mention possible extensions of the present work. Motivated by the duality conjeture [16] , it would be interesting to consider the inclusion of topological terms in the action principle, in particular the Pontryagin term -which can be regarded as the gravitational analogue to the theta-term in electromagnetism-, then determine whether the constraints are still solvable in terms of potentials and finally search for a (perhaps SL(2, Z)) duality-invariant formulation of the action principle. The generalisation of our work to the case of arbitrary higher spin fields coupled to a fixed AdS background should as well be studied, building on the works [19] and [20] .
Appendix A Einstein equations in a conformally flat background
Here we derive Einstein equations for a conformally flat metric and rewrite them in a form particularly convenient for the analysis in the main text. Consider a metric of the form
The associated Riemann tensor, Ricci tensor and scalar curvature are Using the trace of (A.9) we derive the equation Equation (A.14) and the condition ∂ 0 ω = 0 contain all the information of Einstein equations for the AdS background, and are thoroughly used in the main text.
